Second-order shear deformation theory (SSDT) is employed to analyze vibration of temperature-dependent solar functionally graded plates (SFGP's). Power law material properties and linear steady-state thermal loads are assumed to be graded along the thickness. Two different types of SFGP's such as ZrO 2 /Ti-6Al-4V and Si 3 N 4 /SUS304 are considered. Uniform, linear, nonlinear, heat-flux and sinusoidal thermal conditions are imposed at the upper and lower surface for simply supported SFGPs. The energy method is applied to derive equilibrium equations, and solution is based on Fourier series that satisfy the boundary conditions (Navier's method). Non-dimensional results are compared for temperature-dependent and temperature-independent SFGP's and validated with known results in the literature. Numerical results indicate the effect of material composition, plate geometry, and temperature fields on the vibration characteristics and mode shapes. The results obtained using the SSDT are very close to results from other shear deformation theories.
Introduction
In recent years, solar energy has become an increasingly important area in applied engineering. One of the most significant parts of this field is the solar plate. A solar plate is used to focus solar radiation onto an absorber located at the focal point in a parabolic dish concentrator to provide solar energy. A concentrating solar collector consists of a reflector over the solar plate, an absorber and housing. A parabolic disc is made from pieces of solar plates. The performance of a solar plate in terms efficiency, service life and optical alignment depends on the material and operating conditions. Normally, a solar plate can be fabricated from polished pure material or a coated plate with a special coating [1] . However, some specific applications (such as solar satellites, solar power towers and solar power heat engines) demand low weight and high temperature resistance to avoid undesirable deformation [2] . Functionally graded materials (FGMs) are designed to be thermal barrier materials for aerospace structural applications and fusion reactors [3] . Flexible properties and high thermal resistance provides suitable stiffness to avoid unsought deformation to better optical alignment. It has been reported that FG plates have much lower weight and better heat resistance than pure material plate products of similar size. FGMs usually are composed of a ceramic and a metal, where the volume fraction of the two materials is variable [4] . Based on the literature, a considerable amount of work has been reported on the vibration characteristics of isotropic plates and composite laminates [5, 6] . To determine the small and large deflections, static, linear and non-linear dynamic behavior of FG plates, shear deformation theories of the first, second and third order can be effective tools [7] .
Finite element methods (FEM) and first-order shear deformation theory (FSDT) were employed by Praveen and Reddy [8] for nonlinear transient thermo-elastic responses of FG plates. Mokhtar et al. [9] investigated thermal buckling analyses of S-FG plates by using FSDT. The thermal buckling was carried out under uniform, linear and sinusoidal temperature rise across the thickness. Shukla and Huang [10] presented nonlinear static and dynamic responses of the temperaturedependent FG rectangular plate using FSDT. Ibrahim et al. [11] used nonlinear FEM model to assess the nonlinear random response of FG panel subject to combined thermal and acoustic loads by applying FSDT and Von-Karman geometric nonlinearity. Park and Kim [12] presented thermal post buckling and vibration behavior of the FG plates based on FSDT.
Initial displacement and initial stress for nonlinear temperature-dependent material properties were adopted in their research. Zhao et al. [13] employed a element-free kp-Ritz method to analyze the free vibration of temperature-dependent FG plates based on FSDT. Ferreira and Batra [14] provided a global collocation method for natural frequencies of FG plates by a meshless method and applying FSDT. Bayat et al. [15] examined small and large deflection of FG rotating disc by applying FSDT and Von Karman theory. Later, Bayat et al. [16] obtained small deflection of an FG rotating disc with constant and variable thickness profile under thermomechanical load using FSDT. Batra and Jin [17] used the FSDT with the FEM to study free vibrations of an FG anisotropic rectangular plate with various boundary conditions. Several studies were conducted on three-dimensional exact solutions, and other shear deformation theories (such as a third-order-shear deformation theory (TSDT)) for FG plates have been considered [18] . To determine the effects of nonlinearity, Huang et al. [19] compared vibration and dynamic response of temperature dependent FG plates in thermal environment based on the higher-order shear deformation theory. Matsunaga [20] conducted the thermal buckling of temperature-independent FG plates according to a 2D higher-order shear deformation theory. Kim [21] demonstrated vibration characteristics of pre-stressed temperature-dependent FG rectangular plates in thermal environment. In his major study, Kim [21] , identified two thermal conditions, linear and nonlinear, with the Rayleigh-Ritz method based on TSDT. Sundararajan et al. [22] employed nonlinear formulation based on von Karman's assumptions to study the free vibration characteristics of temperature dependent FG plates subjected to uniform thermal environments. Chen et al. [23] derived nonlinear partial differential equations for the vibration motion of an initially stressed temperature-independent FGP. Yang and Shen [24] found the dynamic response of initially stressed temperature-dependent FG rectangular thin plates based on Reddy's higher-order shear deformation plate theory and included the thermal effects due to uniform temperature variation. They applied the same method [25] to study the dynamic stability and free vibration of FG cylindrical panels subjected to combined loads and uniform thermal environment.
Some studies apply second-order shear deformation theory (SSDT). Khdeir and Reddy [26] studied the free vibration of laminated composite plates using SSDT. A general formulation for FG circular and annular plates presented by Saidi and Sahraee [27] using SSDT and developed the bending solution that accounts for deflections and various boundary conditions. Shahrjerdi et al. [28] presented free vibration analysis of a quadrangle FG plate by using Navier's method based on SSDT, and then used SSDT for stress analysis of FG solar plates subjected to in-plane and out-plane mechanical loads [29] . Bahtuei and Eslami [30] also conducted the coupled thermo-elastic response of an FG circular cylindrical based on SSDT. Thermal loads were not considered in these studies [26, [28] [29] [30] .
Many of the above-mentioned papers deal with temperature-independent materials with shear deformation theories. Temperature-dependent materials in a constant temperature field and temperature variations with surface-to-surface heat flow through the thickness direction were considered in other research by applying first, third and higher order shear deformation theories. To the authors' knowledge, few works have been done in the area of dynamic stability of FGM plate by using SSDT. In this paper, the analytical solution is provided for the vibration characteristics of SFGPs under temperature field and applying SSDT. The temperature is assumed to be constant in the plane of the plate. The variation of temperature is assumed to occur in the thickness direction only. The SFGPs are assumed to be simply supported with temperaturedependent and independent material properties with a powerlaw distribution in terms of the volume fractions of the constituents and subjected to uniform, linear, nonlinear, heat flux and sinusoidal temperature rise. The frequency equation is obtained using Navier's method based on SSDT. This work aims to show the effect of material compositions, plate geometry and temperature fields on the vibration characteristics. Furthermore, the effects of temperature dependency of SFGPs for some types of thermal condition are investigated.
Gradation relations
There are some models in the literature that express the variation of material properties in FGMs [9, 16] . The most commonly used is the power law distribution of the volume fraction. Here, an SFGP rectangular in Cartesian coordinate system ( 1 2 3 , ,
x x x ) with constant thickness , h width , a and length b is considered as shown in Fig. 1 . The materials at the top surface ( 3 / 2 x h = ) and bottom surface ( 3 / 2 x h = − ) are, respectively, pure ceramic and metal. Between these two pure materials, a power-law distribution of material is applied. According to this model, the material properties of SFGPs are assumed to be position and temperature-dependent and can be expressed as the following [21] : ( )
where ρ denotes material property and is the temperature rise only through the thickness direction, whereas thermal conductivity k is temperature-independent. Temperature-dependent typical values for some SFGP material components such as silicon nitride and stainless steel are in Table 1 [21] .
Elastic equations

Displacement field and strains
The displacement field based on the second-order shear deformation theory (SSDT) can be represented as [26, 31] : 
where 1 2 , u u and 3 u denote the displacement components in the 1 2 , x x and 3 x directions, respectively; , u v and w define the displacements of a point on the mid plane ( 1 2 , ,0 x x ); 1 2 1 , , φ φ ψ and 2 ψ are the rotations of a transverse normal about 2 1 , . , ,
.
Stress-strain relations
The stress-strain relation of plates is [26, 29] : 
( , ) .
Equations of motion
The total strain energy of SFGP is given by
where U P and U T are the strain energies due to mechanical and thermal effects, respectively. Considering the heating process, it can be physically observed that the plate is heated to the steady state condition after which vibration occurs in the thermally-static plate. If the temperature change T Δ is applied, the plate will undergo an initial deflection, and the corresponding initial thermal stresses occur because the plate is 
The matrix representation of the thermal conductivity tensor is diagonal because the material is assumed to be isotropic. By considering this view and the plane stress assumption, the temperature terms 11 T σ and 22
are the only remaining terms [8, 33] .
The kinetic energy of plate is given by:
Hamilton's principle for an elastic body can be represented as:
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It should be noted that first-order shear deformation equations for SFGP can be obtained by considering zero values for 
Boundary conditions
Mechanical boundary conditions
For an SFGP with simply support boundary conditions at the edges as shown in Fig. 2 , the following relation can be written: 
where N and M are the stress resultants.
Thermal conditions
Five cases of one-dimensional temperature distribution through the thickness (vertical, 3 x ) are considered, with
Uniform temperature
In this case, a uniform temperature field of 
Linear temperature
Assuming temperatures b T and t T are imposed at the bottom and top of the plate, the temperature field under linear temperature rise along the thickness can be obtained as
where
is the temperature gradient. These thermal loads can be used to solve the steady-state heat transfer Eq. (18):
Nonlinear temperature
The temperature distribution along the thickness can be obtained:
In the case of power-law SFGP, the solution of Eq. (18) also can be expressed by means of a polynomial series [35] : 
For an isotropic material plate, such as pure metal or ceramic plates, the temperature rise through the thickness is 
T T T T T x T x h
+ − = + + .(24)
Heat transfer rate by heat-flux
In this thermal condition, the heat flow from the upper surface to the lower one is assumed to be 
By solving Eq. (25) for an SFGP with the thermal conductivity varying through the thickness, the temperature rise through the thickness can be found:
For an isotropic material plate (pure metal or ceramic) with constant thermal conductivity, the temperature rise through the thickness is:
Sinusoidal temperature rise
The temperature field under sinusoidal temperature rise across the thickness is assumed as [9] :
Method of solution
Based on Navier's method with simply supported boundary conditions, the displacement fields are expressed as [32] : 
Natural frequencies and the corresponding mode shapes of SFGPs are obtained by solving the eigenvalue problem (Eq. 31).
Material properties in thermal conditions
The variation of Young modulus in SFGPs through the thickness in room temperature, uniform, linear, nonlinear and sinusoidal thermal conditions is presented in Figs. 3-8 , respectively. Room temperature is defined at 0 300( )
for all thermal conditions. The temperature rise in uniform temperature is which means that the temperature at the upper surface (ceramic-rich) is higher than the temperature of the lower surface (metal-rich). This may result from the fact that the elastic modulus decreases in the ceramic-rich surface. It is clearly extracted by considering Eq. 1 so that if 3 / 0.5 x h = then the elastic modulus can be expressed as ( )
, E E x T = ( ).
c E T =
It is shown that when 3 / 0.5, x h = the elastic modulus is equal to the elastic modulus of ceramic-rich material at 600(K), which is less than the elastic modulus of metalrich at 0(K).
In heat-flux thermal condition (Fig. 6 ) the elastic modulus at the upper surface increases with the increase of the grading index. These phenomena can be explained in that as the value of the grading index increases (see Eq. (1)), the volume fraction of ceramic is increased and the heat flow is more restricted. Comparison of Young's modulus has been made for uniform, linear, nonlinear, heat-flux and sinusoidal thermal conditions in Fig. 8 . It can be seen that Young's modulus increases close to the lower surface for all thermal loads and then decreases through the thickness except in the uniform thermal condition. 
Validation and numerical results
Validation
The results for temperature-dependent SFGP obtained by applying SSDT in this study are compared by adapting the higher-order shear deformation theory results [19] . The following non-dimensional fundamental frequencies in Table 2 are obtained by considering a combination of ZrO 2 /Ti-6Al-4V where the upper surface is ceramic-rich and the lower surface is metal-rich [19] . In accordance with [19] , the dimension-less natural frequency parameter is The same value of Poisson's ratio υ is considered for the ceramic and metal. Young's modulus and thermal expansion coefficient of these materials are assumed to be temperaturedependent and listed in Ref. [19] . Table 2 shows the natural frequencies obtained from the present study using SSDT and Huang [19] .
There is a considerable agreement between the presented results and those from Ref. [19] , especially for thick plates. The main reason which can explain the difference between presented results in Table 2 and Ref. [19] is the difference between SSDT and HSDT. The results from the present study by SSDT are greater than those from the higher-order shear deformation theory (HSDT, Ref. [19] ). This phenomenon can be described as that the transverse shear and rotary inertia have more effect on thick plate. Moreover, the transverse shear strains in HSDT are assumed to be parabolically distributed across the plate thickness. Due to greater accuracy HSDTs use higher-order polynomials in the expansion of the displacement components through the thickness of the plate. The HSDTs introduce additional unknowns that are often difficult to interpret in physical terms. In principle, one may expand the displacement field of a plate in terms of the thickness variable up to any desired degree. However, due to the algebraic complexity and computational effort involved with HSDTs in return for a marginal gain in accuracy, theories higher than second order have not been attempted in this research. For the thick plates considered in this case, there is less difference between the result predicted by SSDT and HSDT; the SSDT slightly over-predicts the frequencies.
The natural frequencies can be decreased by increasing Table 2 . Non-dimensional natural frequency parameter (ZrO 2 /Ti-6Al-4V) SFGP for simply supported in thermal environments. perature-independent SFGPs. As expected, natural frequencies in pure ceramic are greater than those in pure metal and results for SFGPs are in between. Tables 3 and 4 show the natural frequencies in ZrO 2 /Ti6Al-4V and Si 3 N 4 /SUS304 for different thermal loads, respectively. The non-dimensional natural frequency parameter is defined as ρ are at T 0 = 300 (K) [19] . The effect of volume fraction index p on the frequencies can be seen by considering the same value of thermal load and shape mode. The result for SFGPs is in between those for pure material plates, because Young's modulus decreases from pure ceramic to pure metal. The frequencies are decreased by increasing the temperature difference between top and bottom surfaces for the same value of grading index and shape mode that represent the effects of thermal loads. The comparison between temperature-dependent and independent SFGPs in Tables 3 and 4 reveals the smaller frequencies in temperature-dependent SFGPs, which demonstrates the accuracy and effectiveness of temperature-dependent material properties. The behavior of natural frequencies for Si 3 N 4 /SUS304 in Table 4 is similar to those for ZrO 2 /Ti-6Al-4V in Table 3 . The value of natural frequency for Si 3 N 4 /SUS304 is greater than that for ZrO 2 /Ti-6Al-4V due to higher modulus of elasticity of Si 3 N 4 compared with ZrO 2 . It is worth mentioning that the difference of natural frequency for the same temperature and shape mode is decreased with the increase of grading index. This phenomenon is because the stiffnesses for Ti6Al-4V and SUS304 are close to each other. Table 5 shows the natural frequencies in Si 3 N 4 /SUS304 for large value of volume fraction index ( p ) and different values of thermal loads. As described before, the non-dimensional natural frequency parameter is defined as 2 ( / ) a h ω ω = Table 3 . Non-dimensional frequency parameter (ZrO 2 /Ti-6Al-4V) SFGP for simply supported in thermal environments. (side of the square).
Numerical results
The variation of temperature distribution through the thickness of SFGPs is shown in Figs. 9 and 10 by applying nonlinear and heat-flux thermal conditions, respectively. The upper surface is held at T t = 1000 (K), and the lower surface is held at T b = 300 (K) in Fig. 10 .
For pure-material plates, temperature distributions are the same regardless of the material type. The temperature at any internal point through the thickness of a plate made of pure material ( 0 p = and p → ∞ ) is always higher than that corresponding to SFGP. In contrast to the linear temperature distribution in a pure plate, the variation of temperature through the thickness in SFGPs is non-linear. Fig. 10 shows temperature distributions through the thickness of SFGPs subjected to heat-flux thermal condition. It is assumed that the lower surface is held at T b = 0 (K) (T 0 = 300 (K)) and the heat-flow from the upper surface to the lower is q = 5 x 10 4 W/m 2 .
The temperature distributions are at a maximum for pure ceramic and a minimum for pure metal with different SFGPs falling in between. In contrast to the result for nonlinear thermal loads, the trade of temperature variation is linear in SFGPs.
The temperature distributions of SFGPs under linear, nonlinear, sinusoidal and heat flux thermal conditions along the thickness direction are shown in Fig. 11 . It is considered that the upper and lower surfaces are held at T t = 500 (K) and T b = 300 (K) and room temperature is T 0 = 300 (K). Four cases, namely linear, non-linear, sinusoidal and heat flux, are considered. For heat-flux, the source from upper to lower surface is applied as q = 5 x 10 4 (W/m 2 ). It is absorbed that the variation of temperature through the thickness is the lowest for sinusoidal temperature load. Linear thermal load creates the greater temperature in comparison with non-linear thermal load. As expected, the variation of temperature in existence of heat flux is larger than the other results. It is also plotted that the curve of linear temperature condition is close to nonlinear temperature condition.
The following dimensionless frequencies are presented by Figs. 12-16 show the first four frequencies versus uniform, linear, nonlinear, heat flux and sinusoidal temperature fields in simply supported SFGP. The combination of ZrO 2 /Ti-6Al-4V as shown in Table 1 is considered with material and geometric parameters of 1, 0.2 p a = = and / 10 a h = . As expected, the decrease of Young's modulus with rising temperatures leads to the frequencies decreasing with increasing temperature. The decreasing slope of frequencies in higher modes is greater than those in smaller modes. The difference between two consequence higher modes is smaller than that in two consequence lower modes at the same temperature. It is evident that the temperature rise effect in uniform temperature condition is more significant than other thermal conditions. It can be explained in that the decreasing slope frequency in linear, nonlinear and sinusoidal thermal loads is almost the same while decreasing slope frequency is greater than other thermal conditions in uniform thermal load. It is displayed that the decreasing slope frequency is very small in heat-flux thermal condition.
Figs. 17 and 18 investigate the effect of side-to-side ratio versus nonlinear and sinusoidal thermal loads of simply supported SFGP. The combination of ZrO 2 /Ti-6Al-4V as shown in Table 1 is considered while the material and geometric parameters are increases for nonlinear and sinusoidal temperature fields because Young's modulus decreases with rising temperatures. It is also seen that the decreasing slope frequency for / 2 b a = is greater than other side-to-side ratio while side-to-thickness ratio is equal to ten ( / 10) a h = in SFGP.
Conclusion
Temperature-dependent free vibration of solar functionally graded plates subjected to uniform, linear, nonlinear, heat-flux and sinusoidal temperature fields are investigated by using an analytical approach (Navier's Method) for simply supported SFGP. The formulations are based on the second-order shear deformation theory (SSDT) to account for transverse shear effects through the thickness. Material properties of SFGPs are assumed to be temperature-dependent and vary along the thickness by a power-law distribution in terms of volume fractions of constituents. The results are validated by comparing them with the results of other researchers, with good agreement. Some general conclusions of this study can be summarized as follows:
Free vibration is at the maximum for pure ceramic, the minimum for pure metal, and degrades gradually as the volume fraction index p increases.
The frequency decreases as temperature change ( T Δ ) increases in all types of temperature fields. The uniform and heat flux temperature fields affect the frequencies more significantly than the linear, nonlinear and sinusoidal temperature fields.
The value of temperature increases with decreasing grading index (p).
The frequencies of SFGPs with higher grading index are more sensitive to the temperature rise than those for other grading index.
The frequencies increase with the increase of the side-to- From the numerical results presented in this study it appears that the SSDT results are greater than those from higher order shear deformation theory (HSDT). It is suggested that the gradation of the constitutive components, geometry and temperature rise are significant parameters in the frequency of solar functionally graded plates.
